A modified pressure gradient method is developed for solving the incompressible twoand three-dimensional Navier-Stokes equations in primitive variables. Velocity and pressure gradient vectors, rather than the velocity and pressure, are considered as dependent variables. This choice of the dependent variables is consistent with the flow physics as the velocity field of incompressible flows is not dependent on the pressure, but rather the pressure gradient. This introduces one and two additional dependent variables for two-and three-dimensions respectively. To close the system of equations, additional equations are obtained from the identity that the curl of the pressure gradient is zero. This choice of dependent variables also leads to Dirichlet boundary conditions for the pressure gradient, which improves numerical stability and convergence rates. The modified pressure gradient method includes a pressure gradient averaging term in the momentum equations to stabilize the solution. This term is extended here to general curvilinear coordinates. The system of equations is discritized using a conservative finite volume formulation. Time integration is achieved with a fully implicit scheme, including implicit boundary conditions. The implicit scheme guarantees that continuity is satisfied to machine zero. Numerical results compare well with solutions available in the literature for the cavity flow problem and flow about a circular cylinder at Reynolds number 40.
Nomenclature

J
= Jacobian of the coordinate transformation L = reference length P = non-dimensional static pressure divided by density P 0 = non-dimensional total pressure divided by density 
I. Introduction
SE of mathematical manipulations of the Navier-Stokes equations have often been implemented in order to cope with pressure for incompressible flow. These manipulations can be classified under two categories: primitive and nonprimitive variables techniques 1 . Primitive techniques include the artificial compressibility method 2 and the pressure Poisson formulation 3 . Alternatively, nonprimitive formulations eliminate the pressure from the set of equations by taking the curl of the momentum equation; which are known as stream function-vorticity or velocity-vorticity equations. However, in both classifications, difficulties remain in the numerical solutions of incompressible flows in determining boundary conditions for vorticity and in convergence of the pressure equations.
All the primitive variable techniques solve the incompressible equations by computing the velocity field from the momentum equations. However, the incompressible equations do not incorporate an equation to drive the pressure field. The divergence free constraint imposed on the velocity field, which does not contain a pressure term, is the only available equation to compute the pressure. Primitive variable approaches have been developed to introduce the pressure into the continuity constraint or replacing the continuity equation with a pressure equation that also satisfies continuity. For example, the artificial compressibility approach introduces a pressure time-derivative term into the continuity equation, where as the pressure Poisson approach derives a pressure equation by taking the divergence of the momentum equation through which the continuity constraint is satisfied 3, 4, 5, 6 . Noting that it is the pressure gradient, not the pressure itself, which drives the physics of incompressible flow, a formulation of the incompressible equations using the velocity and the pressure gradient vectors as dependent variables is presented. The notion of using the components of the pressure gradient vector as dependent variables was first conceived by Shih 7 and later independently developed by Said 8 . However, the number of dependent variables is now greater than the number of equations. The mathematical identity that the curl of the pressure gradient is zero is used to close the system of equations. This identity provides an additional equation in twodimensions and two additional equations in three-dimensions. While the curl of the pressure gradient is generally a second order equation for the pressure, because the pressure gradient is a dependent variable, the equation is of first order. This curl free equation acts as a constraint on the pressure gradient vector similar to the divergence free requirement the continuity equation imposes on the velocity vector. The resulting systems of equations consist of the second order momentum equations, the first order continuity equation, and the first order pressure gradient curl equations. Thus, the velocity field is calculated from the continuity and the momentum equations, and the pressure gradient from the curl free and the momentum equations.
The boundary conditions for the pressure derivatives are Dirichlet compared with the Neumann boundary conditions for the pressure in pressure Poisson formulation. Besides the fact that numerical solutions typically converge faster with Dirichlet boundary conditions than with Neumann boundary conditions, the Dirichlet boundary conditions eliminate the need for a compatibility condition. This means that the pressure gradient method can be discritized on a non-staggered grid as staggered gird discretizations are used to satisfy a compatibility condition. Unlike other existing primitive variable techniques that satisfy the continuity equation to a fourth order dissipation term on non-staggered grids 9 , the present method satisfies the continuity equation to machine precision. The method is also simple to apply in Cartesian or general curvilinear coordinates because the pressure gradient components are Cartesian variables in both coordinate systems. Finally, little complexity is added to the governing equations in U curvilinear coordinates; hence, simplifying the development of software for solving the governing equations with general irregular bodies.
Numerical solutions are obtained using a conservative finite volume discretization in general curvilinear coordinates. Solutions for the driven cavity flow problem for several Reynolds numbers obtained with the pressure gradient method compare well with existing numerical solutions. In addition, the steady flow for a circular cylinder at Reynolds number 40 compares well with existing solvers as well as solutions reported in the literature.
II. Governing Equations
For clarity and simplicity, we consider the two-dimensional form of the incompressible Navier-Stokes equations in Cartesian coordinates
Primitive variables techniques view the continuity Eq. (1) as a constraint on the velocity field calculated from the momentum Eqs. (2) and (3). Given the correct pressure derivatives x P ∂ ∂ and y P ∂ ∂ , the calculated velocity components u and v from Eqs. (4) and (5) will satisfy the continuity constraint (1). However, starting from an initial guess, or a non-converged transient solution, pressure gradients are not guaranteed to produce a velocity field that satisfies the divergence free constraint of Eq. (1). Thus, the pressure must be updated from the only remaining equation, the continuity equation. However, the pressure does not appear in the continuity equation. Several methods that either eliminate the pressure or introduce the pressure into the continuity equation have led to the following techniques.
III. Some Classical Solution Methods
A. The Artificial Compressibility Method
The artificial compressibility method 2 introduces a pressure time derivatives term into Eq . (1).
where λ is the pseudo compressibility constant. Introducing the pressure time derivative allows the equations to be solved with straightforward explicit techniques as well as implicit ADI methods. However, for unsteady flows, a dual time stepping technique must be employed to drive the time dependent pressure term to zero to satisfy the original continuity equation. Without driving the time dependent pressure term to zero, mass conservation cannot be guaranteed. Furthermore, preconditioning of an implicit technique is often required as the added time dependent pressure stiffens the system of equations. 
A solution for the Poisson equation with Neumann boundary conditions exists if a compatibility condition is satisfied 4, 6 . The compatibility condition states that the integral of the source term on the right hand side of Eq. (5) over the solution domain must equal the integral of the Neumann boundary conditions over the boundary of the domain. The compatibility condition is simplest to satisfy using a staggered grid discretization scheme. The pressure field is stored at the center of discrete control volumes with the velocity components stored on the faces of the pressure control volumes in staggered grid schemes. In effect, each dependent variable occupies a different control volume. In curvilinear coordinates, metric coefficients must be computed for control volumes associated with the dependent variables. In two dimensions, three sets of metrics must be computed and stored, and four set of metrics are required in three-dimensions.
The SIMPLE 11 algorithm and its variants are based on deriving pressure Poisson equations for pressure correction variables.
C. The Stream-Function Vorticity and Vorticity Velocity Formulations
The stream-function formulation is a nonprimitive formulation where the pressure has been removed from the momentum equations. This is achieved by taking the curl of the momentum equation; the resulting two-dimensional vorticity-transport equation is
The pressure is eliminated from the vorticity-transport equation based on the identity that the curl of the gradient of a scalar is zero, i.e. There are several advantages to the stream-function vorticity formulation. Not only has the pressure been removed from the system of equations, the continuity equation is implicitly satisfied by the definition of the streamfunction. There is no compatibility requirement so the equations can be discritized on a non-staggered grid. In addition, the continuity equation is implicitly satisfied by the definition of the stream-function.
However, boundary conditions for vorticity are neither physical nor simple to achieve. In addition, extending the method to three-dimensions requires introducing an additional stream-function. In three-dimensions, the two streamfunctions are actually stream-surfaces. The velocity is obtained from the streamlines defined by the intersecting line of the stream-surfaces. However, the divergence free condition on the velocity is not sufficient to guarantee global existence of the stream-surfaces.
The stream-surfaces can be eliminated by instead using the definition of the vorticity to derive three Poisson equations for the velocity components. This is known as the Velocity-Vorticity formulation 1 . While existence is not a problem for this method, compatibility and divergence free vorticity constraints must be imposed to form a wellposed problem. In addition, the difficulty associated with vorticity boundary conditions remains.
IV. The Pressure Gradient Method
The notion of the pressure gradient method is simple. Recognizing that the momentum equations are driven by the pressure gradient rather than the pressure, the pressure derivatives are treated as dependent variables rather than derivatives of a scalar pressure field. While curl of the pressure gradient was used to remove the pressure in the stream-function vorticity and velocity-vorticity formulations, it is used here as a constraint on the pressure gradient to close the system of equations. The conservative pressure gradient formulation is hence
where
Again, while
represent the derivatives of pressure, they are treated as dependent variables and are not discritized. In two-dimensions, the pressure variable is replaced by two dependent variables, namely x P and y P , and the curl free requirement of the pressure gradient provides the additional equation to close the system. However, in three-dimensions, two additional variables are introduced and the curl free requirement provides three additional equations, namely (20) Thus, the curl free equation over constrains the system of equations. Fortunately, the equations are not independent of one another and the curl free constraint can be satisfied by imposing two of the equations. Thus, the set of three equations is in effect only two. This can be shown with a relatively simple proof. Suppose the first two equations, Eqs. (18) and (19), are used to solve the system of equations. Integrating both equations with respect to x gives ( ) ( )
Inserting these expressions for y P and z P into the third equations, Eq. (20), yields
Hence, the third equation only needs to be imposed on one boundary. Therefore, the third equation must be used as a boundary condition rather than a constraint on the interior solution. This relationship between the curl equations holds true independent of which two curl equations are initially selected. A numerical proof will be provided in future work.
A. Pressure Gradient Boundary Conditions
Similar to the pressure Poisson method, on boundaries where the pressure gradient is not known a priori, the pressure gradient is determined from the momentum equations. However, unlike the pressure Poisson method, because the pressure gradient is a dependent variable, the boundary conditions are Dirichlet conditions rather than Neumann conditions. In two-dimensional Cartesian form, the pressure gradient boundary conditions are 
B. Curvilinear Coordinate Formulation
In general curvilinear coordinates, the two-dimensional pressure gradient equations are
where the contravariant velocity components are
Here, it is particularly evident that the pressure gradient components are treated as dependent variables since the pressure gradients in the momentum and curl free equations remain vector components in the Cartesian coordinate system similar to the velocity vector components.
C. Modified Pressure Gradient Method
For higher Reynolds numbers, the standard pressure gradient method produces an oscillatory velocity field. Little work has been done with damping for the pressure gradient methods. However, Mochimaru 12 suggested evaluating the pressure gradients in the momentum equations with a weighted average rather than simply taking the value of the pressure gradient at a given node. Expressed in Cartesian coordinates and discritized on a uniform mesh, the suggested averaging is
where β is a parameter left to be determined. While this approach works well on uniform Cartesian meshes, it is not readily extensible to general curvilinear coordinates. To generalize the averaging technique, the authors have first rewritten the averaging expression in a form more suitable for a coordinate transformation. The evaluation of the pressure derivative in the x-direction can be rewritten as Similarly, the averaging used for pressure derivative y-direction can be rewritten in terms of a second derivative of the y-component of the pressure gradient. Note now that, analytically, the second derivative of the x-component of the pressure gradient is equivalent to the third derivative of the pressure, i.e. 
where the parameter ε was minimized to an optimum value. This fourth order pressure term is consistent with the third order term derived here for the momentum equations. As such, the parameter β is chosen as β = ε/4. However, unlike the fourth order dissipation term in the continuity equation, the third order dissipation term in the momentum equation behaved well only when ε was set to unity. Thus, the Cartesian momentum equations for the modified pressure gradient method are The averaging term for the x-momentum equation can now be transformed to a curvilinear coordinate system as follows 
For present computations, the averaging term has been further simplified by ignoring the cross terms associated with the coordinate transformation. While this simplification has produced smooth solutions presented in the numerical results section, the importance of the cross terms has not been thoroughly investigated. The simplified transformed averaging terms are thus 
D. Finite Volume Discritization
A compatibility condition does not exist for the pressure gradient method due to the Dirichlet boundary conditions on the pressure gradient. Therefore, the solution technique does not require the use of a staggered mesh. Instead, a co-located discretization is employed. This eliminates the need for computing multiple sets of metrics required for a staggered grid discretization.
The governing equations are discritized using a conservative finite volume approach. All dependent variables, namely u, v, x P , and y P , are stored at the node centers of the computational mesh. An auxiliary mesh representing the control volume of each node is constructed to formulate the conservative scheme as shown in Figure 1 . The nodes of the auxiliary mesh are computed by averaging the nodes of a cell in the computational mesh.
The index notations for the metrics of the coordinate transformation are shown in Figure 2 . The Jacobians of the transformation are stored at the nodes of the computational mesh (co-located with the dependent variables) and are indicated with the integer indices. The gradients of the curvilinear coordinate system are stored at the cell faces of the auxiliary mesh indicated with half indices. The gradients are expressed with a Jacobian in the denominator to remain consistent with the conservative formulation. The gradients in the curvilinear coordinates are computed with the following equations 
Figure 2: Metrics computed on the auxiliary mesh
where the derivatives in x, and y are evaluated by taking the difference between the nodes defining the face on the auxiliary mesh. Evaluating the curvilinear coordinate gradient vectors with this method makes them numerically equivalent to the normal vectors of the cell faces of the auxiliary mesh. The Jacobian of the transformation is the inverse of the cell area. The cell area is computed as half the magnitude of the cross products of the cell diagonal vectors.
The continuity equation is now discritized using differences across a single cell as Similarly, the convection terms of for the momentum equations are differentiated across a single cell. Discretizing the x-momentum equation, the convection terms are
where the contravariant velocity components are evaluated at the auxiliary mesh cell faces using the following formulas 
E. Implicit Time Integration
A fully implicit solution scheme is appropriate in order to impose the continuity equation and curl free pressure gradient, in particular for the curvilinear coordinate formulation. The implicit matrix was assembled into a single sparse matrix based on the coefficients from the discrete equations. The non-linear convection terms in the momentum equations were linearized by lagging the contravariant velocity components. The sparse matrix was solved using the commercial software package MATLAB 13 . For steady state solutions, the system of equations could be solved without including the time dependent terms of the momentum equations. In this case, only the nonlinear terms required iterations. In a production code, the implicit matrix would be constructed from the Jacobian of the system of equations. This would allow for a Newton like iterative method, which has a better convergence rate for the non-linear terms. However, the present code was created for experimentation and proof of concept calculations, not as a production code.
F. Boundary Conditions
All boundary conditions are imposed implicitly in the time integration matrix. Velocity boundary conditions are prescribed on the boundaries as Dirichlet boundary conditions. A zero gradient velocity boundary condition was also relatively simple to implement in the implicit matrix. However, the pressure gradient boundary conditions require some additional care. In particular, the viscous term normal to the boundary, which is the main driving term for the boundary condition. In the present discretization, a second order one-sided approximation to ξ ∂ ∂u at the point 1, j, for example, was implemented as
The cross terms associated with the coordinate transformation are however not included in the boundary condition.
G. Pressure Calculation
Once a velocity field is obtained, the pressure filed can be calculation from the pressure Poisson equation. The solution for the pressure gradients is highly oscillatory, and as such, is not suitable for calculating the pressure. Pressure obtained in the numerical results section of this paper were computed using the total pressure Poisson equation 
As the velocity field is decoupled from the pressure calculation, the pressure is obtained as a post-processing stage similar to the stream-function vorticity and vorticity velocity formulations.
V. Numerical Results
A selection of steady solutions was computed to validate the modified pressure gradient method. After ensuring that the solver satisfies free stream preservation, steady solutions were obtained for channel flow, driven cavity flow, and flow about a Re 40 circular cylinder.
A. Channel Flow
Because an analytical solution exists for the fully developed channel flow, it is a suitable test case for validating a new solver. A solution for the developing flow at Re 1000 in a channel was obtained with a prescribed uniform inflow profile. A zero velocity gradient boundary condition was imposed at the channel exit 60 channel heights downstream of the inlet. The velocity profile at the exit of the channel agrees excellently with the analytical solution of a fully developed profile as shown in Figure 3 .
Alternatively, rather than specifying mass flow at the inlet with the uniform profile, a fully developed velocity profile in the channel was obtained by prescribing the x-component of the pressure gradient on the upper and lower walls. In this case, a zero velocity gradient was prescribed at both the inlet and exit of the channel. The analytical pressure gradient of -0.012 had to be prescribed along the entirety of the upper and lower walls to obtain a fully developed velocity profile.
B. Driven Cavity Flow
A more rigorous test is the driven cavity problem. This problem has been used for testing numerical techniques because of its complex flow features and availability of accurate numerical results for comparisons. The driven cavity flow problem consists of a unit square computational domain with no-slip walls on the left, right and bottom boundaries as depicted in Figure 4 . The top wall is moving with a unit velocity to the right causing a vortical flow within the cavity.
Contours of the velocity components, shown in Figure 5 , have been computed for the driven cavity flow problem at a Reynolds number of 1000 to demonstrate the necessity of the averaging terms of the modified pressure gradient method. Significant oscillations are present in the solution from the original pressure gradient formulation. However, the modified pressure gradient method produces a smooth velocity field. All remaining calculations are obtained with the modified pressure gradient method. Velocity profiles for Reynolds numbers 100, 400, 1000, and 3200 computed on a 130x130 uniform mesh with the modified pressure gradient method are compared with numerical results from Ghia et al. 15 in Figure 6 Contours of the pressure field for Reynolds numbers 100 and 3200 computed with the modified pressure gradient method are shown in Figure 8 . The pressure was obtained using the total pressure Poisson equation, i.e. Eqs. (53) and (54). The contours for the lower Reynolds number of 100 are smooth. However, oscillations are present for the higher Reynolds number. The oscillations in the pressure are magnified because small oscillations in the velocity field are squared to obtain the pressure. These velocity oscillations are likely due to Reynolds number effects resulting from the central differencing of the convection terms of the momentum equations. These oscillations in the velocity could be addressed with an upwinding scheme or higher order smoothing terms. 16, 17 
MPGM
The steady flow about a circular cylinder at Reynolds number 40 was computed to demonstrate that the modified pressure gradient method also is applicable to external flows. This calculation also tested the conservative curvilinear discretization. The computational mesh consisted of an O-grid with 120 radial and 200 circumferential nodes as shown in Figure 9 . At the farfield boundary, v, x P and y P were set to zero. Upstream of the cylinder, a freestream velocity of u = 1 was imposed and the streamwise velocity component was extrapolated downstream of the cylinder as shown in Figure 9 .
Solutions were also obtained with FDL3DI 18 and Fluent 19 for comparison with the modified pressure gradient method. FDL3DI is an in-house compressible flow solver developed at Wright Patterson Air Force Base. While it is capable of higher order differentiation, the present solutions was obtained with a central second order discretization. Time integration for FDL3DI is achieved with the implicit approximate-factorization algorithm of Beam and Warming 20 employing Newton-like subiterations. The solution from Fluent was computed using a second order upwind discretization of the SIMPLE algorithm.
Streamlines along with contours of streamwise velocity component for the circular cylinder from the three solvers are shown in Figure 10 . The separation bubble lengths and separation angles, defined in Figure 11 , are tabulated in Table 1 The L ∞ -norm of the residual associated with the circular cylinder solution using the modified pressure gradient method is shown in Figure 12 . Only the non-linear terms require iterations because the time term was not included in the implicit scheme. It is interesting to note that the velocity components converge faster than the pressure gradient components. Similar observations were made in all calculations with the pressure gradient method. 
VI. Conclusion
A new version of the modified pressure gradient method for solving the incompressible Navier-Stokes equations in primitive variables and curvilinear coordinates was developed by the authors. The governing equations are solved using the velocity and the pressure gradient vectors as dependent variables. The method is simple to apply in Cartesian and curvilinear coordinates because the components of the pressure gradient are Cartesian variables in both coordinate systems. It is also enhanced by the Dirichlet boundary conditions for the pressure gradient that improve convergence rates for numerical solutions compared with Neumann conditions. In addition, the method satisfies the divergence free constraint on the velocity field as smoothing terms are used in the momentum equations rather than the continuity equation. The conservative curvilinear form of the equations was discritized with a conservative finite volume formulation. Fully implicit time integration was used along with implicit boundary conditions to obtain numerical solutions of the discritized pressure gradient method. The implicit scheme guarantees that continuity equation is satisfied to machine zero at all times. Numerical results were validated with developing channel flow and the driven cavity flow problem. A solution for an external flow problem was also validated by computing the flow about a circular cylinder at Reynolds number 40. 
